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Abstract. The aim of this paper is to prove an uncertainty principle for the representation 
of a vector in two bases. Our result extends previously known "qualitative" uncertainty 
principles into more quantitative estimates. We then show how to transfer this result to the 
discrete version of the Short Time Fourier Transform. 



1. Introduction 

The aim of this paper is to deal with uncertainty principles in finite dimensional settings. 
Usually, an uncertainty principle says that a function and its Fourier transform can not be 
both well concentrated. Of course, one needs to give a precise meaning to "well concentrated" 
and we refer to \15\ IT2] for numerous versions of the uncertainty principle for the Fourier 
transform in various settings. Our aim here is to present results of that flavour for unitary 
operators on and then to apply those results to the discrete short-time Fourier transform. 

Before presenting our results, let us first introduce some notation. Let d be an integer and 
l"^ be equipped with its standard norm denoted ||a||£2 or simply ||a||2 and the associated 
scalar product (•,•). More generally, for < p < +00, the ^^-"norm" is defined by \\a\\gp = 
d—l \^/p 

X^j=o l^il^j • ^ ^ {0' ■ ■ ■ ,d — 1} we will write for its complementary, \E\ 
for the number of its elements. Further, for a = (oq, • • • , fld-i) € £'^, we denote ||a||£2(£;) 



^jeE kil j • Finally, the support of a is defined as suppa = {j : aj ^ 0} and we set 
Ijall^o = |suppa|. 

Our aim here is to deal with finite dimensional analogues of the uncertainty principle where 
concentration is measured in the following sense: 

DeGnition. 

Let T : £^ ^ £^ be a linear operator, 5*, E C {0, . . . , d - 1}. Then {S, S) is said to be a 

— weak annihilating pair (for T) if suppo C S and supp Ta C S implies that a = 0; 

— strong annihilating pair (for T) if there exists a constant C{S,T,) such that for every 

a Gil 

(1.1) ||a||^2 < C(5, S)(||a||^2(5c) + ||ra||^2(sc)) . 

Of course, any strong annihilating pair is also a weak one. The corresponding notion for the 
Fourier transform has been extensively studied, and we refer to [15\ [T2] for more references. 
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The advantage of the second notion over the first one is that it states that if the coordinates 
of a outside S and those of Ta outside S are small, then a itself is small. 

It follows from a standard compactness argument (that we reproduce after Formula (|2.5p 
below) that, in a finite dimensional setting, both notions are equivalent. However, this 
argument does not give any information on C{S, S). It is our aim here to modify an argument 
from [To] to obtain quantitative information on this constant in terms of S and S. We will 
restrict our attention to the case where T is invertible. Such an operator can be seen as a 
change of basis and we are thus looking for uncertainty principles of the following form: "A 
finite dimensional vector can not have coordinates concentrated in two different bases" . Such 
uncertainty principles have been known for some time. The first occurrence in the case of T 
being the discrete Fourier transform seems to be [22] and was rediscovered in [10]. Further 
results in that case can be found in [25\ I23j . For more general changes of basis, we refer to 

Before going on with the results of this paper, let us mention its close connection with the 
Uniform Uncertainty Principle introduced by E. Candes and T. Tao in their seminal papers 
on compressed sensing [U [U [H [7] : 

DeGnition. 

Let T : — > be a unitary operator. Let s < d be an integer and Q, C {0, . . . ,d — 1}. 
Tiien {T,Q,s) is said to have the Uniform Uncertainty Principle (also caUed the Restricted 
Isometry Property^ if there exists 5s € (0, 1) such that, for every S C {0, . . . ,d — 1} witii 
|5| = s and for every a ^ l\ with supp a C S 

(1.2) (l-5,)||a||^<||Ta||,2.(^). 

We wiU call 6s the Restricted Isometry Constant of {T,n, s). 
Note that, as T is unitary, 

(1.3) \\Ta\\%(^^^ = \\Ta\\l - \\Ta\\%(^^c) < \\a\\l < (1 + Ss)\\a\\l. 

This inequality is sometimes included in the definition of the Uniform Uncertainty Principle 
and needed if T is not unitary. 

The purpose of this property was to show that, one may recover a from the knowledge of 
Ta, under the restriction of a to be sufficiently sparse, that is |suppa| to be sufficiently small. 
Moreover, a may be reconstructed by ^^-minimization. Let us mention how a recent result 
due to E. Candes [3] adapts in our case: 

Theorem 1.1 (Candes [3]). 

T : ^ i"^ be a unitary operator, let s < be an integer and and 17 C {0, . . . ,d — 1} 
and £ > 0. Assume that (T, 0,2s) satisfies the Uniform Uncertainty Principle with restricted 
isometry constant 52s satisfying 52s < — 1 = {V^ + 1)~^- 

Then, for every a ^ l\ with \suppa\ < s, for every e G with \\e\\2 < £, the solution a of 



mm-^ 



d G C^, \\Td- {Ta + e)\\^ < e} 



satisfies 



l + {V2-l)52s 



19 < 2 — )' '—^s ^^'^\\a — a*\\r, -\ — = ^ — 

l-iV2 + l)52s ' 1-(V2 + 1)52. 
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where a* is a vector that minimizes ||a — as||2 among all vectors such that Isuppa^l < s. 
In particular, if a has support of size s (thus a = a*) and e = 0, then a = a. 

In [3] the operator T is real, that is, it maps W^. In order to adapt the result to 

complex operators, a stronger condition on 62s needs to be imposed. On the other hand, 
we can take (5s = in (jl.3p . which allows for some gain, so that we are back to the same 
condition as in p]. This follows from straight forward adaptations of the proofs in [3j. 

Let us now mention how the Uniform Uncertainty Principle (UUP) is linked to the notion 
of annihilating pairs. If (T, O, s) has the UUP with constant 5s then, for every S of cardinality 
s, (S,Q,^) is an annihilating pair. More precisely, a standard computation [see (|2.7p where 
we reproduce the simple argument) shows that 

Conversely, assume that S is such that, for every S such that |S| = s, {S,T,) is a strong 
annihilating pair for T. Let C(S) = sup|g|^^ C(S', S), then (T,Ti'^,s) satisfies the Uniform 
Uncertainty Principle with 5s = 1 — C(S)~^. 

Finally, we will apply our results to the discrete short-time Fourier transform. Let us 
describe these results in a slightly simplified setting. Let d be an integer, f,g ^ the 
short-time Fourier transform of / with window g is defined by 

d-l 

Vd 

We refer to e.g. |17l 1161 I^T] for various applications of the discrete short-time Fourier trans- 
form in signal processing. Our aim is to show that this transform satisfies an uncertainty 
principle. To do so, we adapt a method that was originally developed in [HI [20] and im- 
proved in [U [H], that allows to transfer a result about strong annihilating pairs for the 
discrete Fourier transform into a similar result for its short-time version. A typical result will 
then be the following: 

Theorem 1.2. Let T, he a subset of {0, . . . ,d — 1}^ with |S| < d. then 

1/2 

|2 



This article is organized as follows: in the next section, we prove results about strong 
annihilating pairs for a change of basis. The following section deals with applications to the 
short-time Fourier transform. We devote the last section to a short conclusion. 

2. The Uncertainty Principle for expansions in two bases. 

2.1. Further notations on Hilbert spaces. 

Let $ = {<I>j}j=o,...,d-i be a basis of that is normalized i.e. ||^j||2 = 1 for all j. If 

d-l 

aeC^, then we may write o = ^ ^ Oj^j. We will denote by ||a||^p((|j-) = || {ao, ■ ■ ■ , a^-i) and 

1=0 
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supp$ a = {i : Oj 7^ 0}. We also define ||a||^2($ in the obvious way when £^ is a subset of 
{0, . . . ,d — 1}. When no confusion can arise, we simply write ||a||^2(£;). 

Next, we will denote by <I>* = {<&1}j=i,...,d the dual basis of ^, that is the basis defined by 



= 6j^k where 6j^k is the Kronecker symbol, 6j^k = j ^ . ^- Every a G can 
then be written as 

d-l 
j=0 

Moreover, there exist two positive numbers a{^) and called the lower and upper Riesz 

bounds of $ such that 

(2.4) «wikii2< lEi(«'^.*>n <mM2. 

If <I> and ^' are two normalized bases of C^, we will define their coherence by 

M($,V')= max \{^,,^k)V 

0<J,k<d~l 

Obviously M{^,^) < 1 and, if <I> and ^' are orthonormal bases, then M(<I>,^') > Let 

yd 

us recall that if M(<I>, ^f) = then <I> and ^' are said to be unbiased. A typical example of 
a pair of unbiased bases is the standard basis and the Fourier basis of C^, see Section [3.1[ 

Let us recall that the Hilbert-Schmidt norm of a linear operator is the £^ norm of its matrix 
in an orthonormal basis 

, 1 

mHs={ E 

\i,j=0 

As is well known, this definition does not depend on the orthonormal basis and it controls 
the norm of U : — > -^^ • 

||f7|L2_,«2 := max llC^alU < llf^llw'?- 

d d aeC^: \\a\\2=l 

2.2. The strong version of Elad and Bruckstein's Uncertainty Principle. 

Let us start by giving a simple proof of a result of Elad and Bruckstein . 

Lemma 2.1. 

Let ^ and ^ be two normalized bases ofC^. Then, for every a G \ {0}, 

1 



l£0($)ll«'||£0(^) 



> 

(min mM(cI>, M/*), ||)m($*, ^)]) 



2 ■ 
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In particular, 



{f|M(c^,^*),||)M(cI>*,vI/)}' 



mm 



Proof. The second statement immediately follows from the first one. The proof mimics the 
proof given in [25] for the Fourier basis. For a 7^ and j = 0, . . . , d — 1, 



d~l 
fc=0 



< M($,^*)|supp$a 



d-l 



< 



3 



\ 1/2 



fc=0 



1/2 



''d-l 
Kk=0 



< /3($)M($,^*)||a 



1 1/2 

I £()($) 



< 



< 



m 



I 11^2 



^d-1 



1/2 



It follows that 



\W\eo{<!>)\W\iO{'$) 
Exchanging the roles of ^ and ^, we obtain the result 



-2 



□ 



Let us just note that if ^ and ^ are two unbiased orthonormal bases, then the result reads 
|supp$ a||supp,j, a\ > d. An other formulation would be the following: 

Let S and S are two subsets of {1, . . . , d} with \S\\Ti\ < d. If supp^ a C S and supp^ a C S 
tJien a = 0. 

In other words, if we denote by J- the (unitary) operator that is defined by J-^i = ^i, 
then (S, S) is an annihilating pair for J^. When <I> is the standard basis and ^ the Fourier 
basis, this result stems back to Matolcsi-Sziicks [22j and Donoho-Stark [10]. It follows that 
(5, S) is also a strong annihilating pair, i.e. there exists a constant C = C(S', S, <I>, such 
that, for every a € IK"', 

(2.5) 



||a||2 < C(^||a||^2($^5'c) + ||a||^2(^_sc) j . 
Indeed, by homogeneity it is enough to prove (j2.5p when ||a||2 = 1. But the unit sphere 



{a £ 



\a\\2 = 1} of C is compact and the map a 



IS 



continuous, thus its minimum D over S is reached in some cq. If this minimum were 0, then 
supp$ ao C 5 and supp,j, cq C S thus ao = which would contradict ||ao||2 = 1- Thus D > 
and (|2.5p is satisfied with C = D~^. However, this does not allow to obtain an estimate on 
the constant C. We will overcome this in the next theorem. 
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Theorem 2.2. 

Let d be an integer. Let $ and ^ be two orthonormal bases of and S, S be two subsets of 
{0, . . . ,d — 1}. Assume that \S\\T,\ < . Then, for every a G C'', 



|a||2 < 1 + 



l-M(c&,J)(|5||S|)V2) {MeH^,so) + ll«||,2(^,sc)) ■ 



Remark : 

For comparison with the previous lemma, recall that as * are orthonormal they are equal 
to their dual bases. 

Proof. Let U be the change of basis from ^' to $, that is the linear operator defined by 
U'^i = We will still denote by U its matrix in the basis so that U = [Ui,j]i<i,j<d is 
given by Uij = As U is unitary, U*^i = ^j. 

For a set E C let Pe be the projection Pga = J2j£E ^ direct 

computation then shows that ||o||£2($ 5c) = ||-P5ca||2 while 

/ \ / ^ 





\jeE 
= \\PEUa\\2. 

Assume first that a G is such that supp$ a C S. Then 

\\Pi:Ua\\2 = \\Pi^UPsa\\2 < \\Pi:UPs\\p^MiH^,sy 

It follows that 

ll'^ll£2(^_S'=) = \\P^'=Ua\\2 > \\Ua\\2 - ll-PE^^alb = ||a||2 - \\Pt.U Ps\\i2^^2\\a\\g2(^i^^s) 

(2.6) = {l-\\P^UPs\\,2^,2)\\a\\,2^^^sy 

The last equality comes from the assumption supp,j, x C S which implies ||a||2 = 1 1 1 1 ^2 (.j, 5-)- 

Note that, if we are able to prove that ||-Pst^-f!s'||^2_^^2 < 1, then this inequality im- 
plies that {S, E) is an annihilating pair. The following computation allows to estimate 
the constant C(5, S) appearing in the definition of a strong annihilating pair: write D = 

(l-\\PsUPs\\i2^i2^ then, for a G C^, 

||a||2 = \\Psa\\2 + \\Ps-a\\2<D\\PzoUPsa\\2 + \\Ps-a\\2 
= L>||Psci7(a - P^ca) II2 + ||Psca||2 

(2.7) < D\\PscUa\\2 + D\\UPsca\\2 + \\Psca\\2 
since ||PEcic||2 < ||x||2 for every x G C''. Now, as U is unitary, we get 

||a||2 < D\\PsUa\\2 + (1 + -D) \\Ps-a\\2 



-1 
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which immediately gives an estimate of the desired form with 

c{s,i:,^,^) = i+(i-\\Pj,uPs\ 

It remains to give an upper bound on \\Pt.U PsWfi^ii'- 

(d d 
i=l 3=1 

(2.8) < M($,^)(|5||S|)i/2 

which completes the proof of the theorem. □ 
Remark : 

Let $ = {$j}j=o,...,d-i and ^' = {^'j}j=o,...,d-i be two orthonormal bases of and let U be 
the operator defined by U^j = for j = 0, . . . , d — 1. 

It follows from (j2.8p and (j2.6p that, if s|Il| < ^^^^^ ^'^) satisfy the uniform 

uncertainty principle with restriced isometry constant 5s < M(<I>, As a consequence, 

Theorem 1 1 . 1 1 applies as soon as s |S| < ^%iM($, Writing = S^ we may deduce from 

this that, if s < — — - — , then any a such that ||a||£0($) < s can be recovered as 

the unique solution of 

min{||a||^i : (a, ^'j) = (a, ^'j) for every j e fi}. 

Earlier results in that spirit may be found in [H [TTl [13] . 
Definition. 

Let C > and a > 1/2. We will say that a G is (C, a)-coinpressible in the basis $ if the 

(J 

j-th biggest coefRcient \ (a,^)\* (j) of a in the basis <I> satisfies \(a,^)\*{j) < V2a — 1 — ||a||. 

In order to illustrate our main theorem, let us show that a vector can not be too compress- 
ible in two different bases. We will restrict to a simple enough case, the proof being easy to 
adapt to more general settings: 

Corollary 2.3. 

Let <I> and be two unbiased orthonormal bases ofC^. Let d > 9, C > and a > 1/2 be 

such that C < ^ . Then the only vector a that is (C, a) -compressible in both bases 

4Vd 

is 0. 

Proof. Let a ^ and assume that a is (C, a)-compressible in both bases. Without loss of 
generality, we may assume that ||a||2 = 1. 
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Let o" = (T<i> be a permutation such that ( |(a, I is non-increasing. For k = 

\ J l<j<d 

0, . . . , d — 1 define Sk = {cr,}i(0), . . . , cr$(A;)}, the set of the A: + 1 biggest coefficients of a in 
the basis Then 



d-i 

\ ^ I /„ /F> \ |2 



d-l 



C72 



i=fc+l 

It follows that ||a||^2($ < —^zr- In a similar way, we get ||a||^2(,j, 2=) < 1 where is 

the set of the A: + 1 biggest coefficients of o in the basis ^ . 

Let us now apply Theorem 12.21 with S = Sk and S = S^. Then, as long as /c + 1 < ^/d, 

1 < rrr x r- In other words, C > -(l — " ^ ^ A:"~^. 

Assume now that d > 9 and chose k = [Vd] — 2 (where [x] is the largest integer less than 
x) so that k < \fd — 1. It follows that 

which completes the proof. □ 
Remark : 

— This corollary may be seen as a discrete analogue of Hardy's Uncertainty Principle which 
states that an function and its Fourier transform can not both decrease too fast (see 

mm)- 

— The above proof also works if the bases are not unbiased, in which case the condition on 
C has to be replaced by 



4 yMi^,"^) 



a-1/2 



— Let $ be an orthonormal basis of and a E with ||a|| = 1 and < p < 2. From 
Bienayme-Tchebichev, we get that, for A > 0, 

\{j :|(a,<I>,)|>A}|<||x||^,(^)A-*'. 

Applying this to A = |(a, <I>)|*(A:) we get 

k<\{j : |(a,<I>,)| > \{a,^)\*m < \\a\\l^^^{\{a,<^)\* ik))-^ 

thus 

It follows that a is (^yj 2 ^ " II "'ll^p (■!>)' -^-compressible in <I>. 

This shows that a vector can not have coefficients in two bases with too small £^-norm. 
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2.3. Results on annihilating pairs using probability techniques. 

So far, we have only used deterministic techniques, which lead to rather weak results. In 
this section, we will recall some results that may be obtained using probability methods. 

First, let us describe a model of random subsets of cardinality k. Let A; < d be an integer 
and let • • • ) ^d-i be d independent random variables take take the value 1 with probability 
k/n and with probability 1 — k/n. We then define the random subset of cardinality k, 
Q C {0, . . . , d — 1} by O = {i : 6i = 1}. The term "of cardinality A;" is justified by the fact 
that the average cardinality of is /c (which is immediate once one write 1q = ^j=o ^j-^j)- 
Moreover, one has the following standard estimate (see e.g. [H Theorems A. 1.12 and A. 1.13] 

or my- 

k 

n-k\> - < 2e 



-fc/io 



2 

Then Rudelson-Vershynin , (improving a result of Candes-Tao) proved the following the- 
orem: 

Theorem 2.4 (Rudelson-Vershynin [24j). 

There exist two absolute constants C, c such that the following holds: let $ = {^o, . . ■ , ^d-i} 
and ^ = {^'O) • • • be two unbiased orthonormal bases of and let T '■ ^ f-"^ be 

defined by Tipj = for j = 0, . . . , d — 1. 

Let 0<rj<l, t>l be real numbers and s < d be an integer. Let k be an integer such 
that 

(2.9) k ~ {Cts log d) logiCts log d) log^ s. 

Then, with probability at least 1 — 7e~^^^~^'^^ , a random set 0, of cardinality k satisfies 

k - Vtk <\n\ <k + Vtk 

and (T, fi, s) satisfies the Uniform Uncertainty Principle with Restricted Isometry Constant 
Ss 1^ ^ — V- particular, for any S C {0, . . . ,d} with \S\ < s, for every a G l'^, 

2 

(2-10) ||a||^2 < — (||a||^2($_5.c) + ||a||£2(^^Q) 

The parameter r] is not present in their statement, but it can be obtained by straightforward 
modification of their proof. 

Taking s = e — , t = — ^ we obtain k ~ d/2. Thus, with probability > 1 — bd~'^^^~'^^ 

log d 26 

{k some universal constant) Q has cardinal = d/2 + 0{d^^'^ log"*^^^ d) and every set S with 
cardinal \S\ < j^jp-^ and 0,'^ form a strong annihilating pair in the sense of ()2.10p . 

An other question that one may ask is the following. Given a set S, does there exist a 
"large" set S such that {S, S) is an annihilating pair? In order to answer this question, let 
us recall that Bourgain-Tzafriri [2] proved the following: 

Theorem 2.5 (Bourgain-Tzafriri, [2]). 

If T : l"^ ^ l"^ is such that ||Tej||2 = 1 for i = 0, ... ,n — 1 (where the Cj 's stand for the 
standard basis of i'^), then there exists a set a C {0, . . . , n — 1} with \a\ > "2 such 

that, for every a = (aj)j=o,...,n-i with support in a such that \\Ta\\ > ^||a||. 



10 
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The values of the numerical constants where given in [LSI . 

We may apply this theorem in the following way: consider two mutually unbiased or- 
thonormal bases $ = {^j} and ^' = {i/^j} of £^ and let 5, C {0, . . . , d — 1} be two sets with 
|S| = \Q\ = n and enumerate them: 5 = {jo, ■ ■ ■ ,jn-i} and 17 = {ujq, . . . ,cj„_i}. Let T be 

the operator defined by T^^,, = ^^^ipuj^, for A; = 0, . . . , n — 1. Then T satisfies the hypothesis 

of Bourgain-Tzafriri's Theorem and ||T||^ < — . Thus there exists a C S with \a\ > n^/240c? 

n 

such that, for every a G £^ with support in a, 

1 

From which we immediately deduce the following (where S = Q^): 
Proposition 2.6. 

Let $ and be two mutually unbiased bases of £^ and let S,T, C {0, . . . , d — 1} be two sets 

id — ISI)^ 

with \S\ + \Ti\ = d. Then there exists a C S such that \a\ > — 2A0d — ^fery a G i'^, 

13 

(2-11) ll«ll^2 - "yfT]^jy^'-"°"^^(*''^'') ll'^ll<?2(<i',s^))- 

Of course, this proposition only makes sense when |S| < d — V240d otherwise there is no 
guarantee to have o" 7^ 0. We may thus rewrite (|2.1ip as 



1^2 < 4fi^^^(||a||^2($^^c) + ||a||^2(,i,_s=)). 



3. The uncertainty principle for the discrete short-time Fourier transform 
3.1. Finite Abelian groups. 

In this section, we recall some notations on the Fourier transform on finite Abelian groups. 
Results stated here may be found in and (with slightly modified notations) in [21]. 

Throughout the remaining of this paper, we will denote by G a finite Abelian group for 
which the group law will be denoted additively. The identity element of G is denoted by 
0. The dual group of characters G of G is the set of homomorphisms G G which map 
G into the multiplicative group = {z G C : |z| = 1}. The set G is an Abelian group 
under pointwise multiplication and, as is customary, we shall write this commutative group 
operation additively. Note that G is isomorphic to G, in particular |G| = |G|. Further, 

Pontryagin duality implies that G can be canonically identified with G, a fact which is 
emphasized by writing = ^{x). Note that, as group operations are written additively. 



(-c,x) = (c,-x) = (e,x). 

The Fourier transform J-cf = / G of / G is given by 

f(0 = E /(^)(^' ^ e G. 



|G|i/2 
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The transform is unitary: ||/||2 = II/II2 and the inversion formula for the Fourier transform 
allows us to reconstruct the original function from its Fourier transform. Namely, for / G G 
we have 

/(x)=.Fg[7](:r) = ^J]/(0(e,^), 



X G G. 



Moreover, as the normalized characters {|G| ^^'^^}^^q form an orthonormal basis of that 
is unbiased with the standard basis we can reformulate Theorem 12.21 as follows: 



Strong Uncertainty Principle on Finite Abelian Groups. 

Let G be a finite Abelian group and let S C G and T, C G be such that {SWEl < \G\. Then, 
for every f G C*^, 



(3.12) 



< 



1-(|5||S|/|G|)V2 



1/2 



1/2- 



The corresponding "weak" Uncertainty Principle appeared for the first time in [22] and has 
been re-discovered several times, including [10]. Note also that one may improve this results 
by chosing the sets S, S randomly ([28] for the cyclic groups) or when better information on 
the group is taken into account ( [23\ [25] for weak versions of this theorem, a proper estimate 
of the constants appearing in the corresponding strong versions remaining open). 

For any x G G, we define the translation operator as the unitary operator on given 
by Txfiy) = /(y — x), y £ G. Similarly, we define the modulation operator M^. for ^ G G as 
the unitary operator defined by M^f = f ■ where here and in the following / • g denotes the 
pointwise product of /, 5 G C*^. Since M^f = T^f, we refer to also as a frequency shift 
operator. Note also that T^f = M^^f 

We denote by 7r(A) = M^T^, A = (x,^) G G x G the time-frequency shift operators. Note 
that these are unitary operators. The short-time Fourier transformation : C^^'^ 
with respect to the window g G \ {0} is given by 

/(^'^) = = 1^ E f^y)9{y - ^) y) = ^G[f- T^] (0 

where / G C*-'. The inversion formula for the short-time Fourier transform is 

/(^)= |gn/2||,||2 E ^f/(^>05(y-x)(C,y>. 

(x,C)eGxG 

Further, \\Vg\\2 = H/lbllfl'lb, in particular Vgf = if and only if either / = or gf = 0. 
Finally, let us note that a simple computation shows that 

(3.13) i;%„)^7r(a,u)/(x,e) = {u - v - C,a){v, x)Vg^ f{x - a + b,^ - u + v). 
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3.2. The symmetry lemma. 

Let us first note that the short-time Fourier transform on G is defined by 
This is linked to V'^ in the fohowing way: 



so that 



(3.14) v^f{x, = (e, -x). 

Lemma 3.1. Let f, g,h,k . Then, for every u ^ G and every rj £ G, 



Proof. First note that 



|G|V2|G|i/2 4^ 



with ()3.14p . Using the definition of the short-time Fourier transform, this is further equal to 



E E E E f^y)9iy - ^) y) HoHc - e)(c, -x) {v, x) u + 



X) 



(3.15) = -J— f^y)9i.y - ^) HOHC -0{V + C, x){C,u-x + y) 

We will now invert the orders of summation. First 

7^,Eh((-0{^^^-^ + y) = 7^,E'hi^ + 0{^,^-^ + y) 

' ' C&G ' ' CgG 

= T^T._^^(0{C,u-x + y) = [M^^h]{u - X + y) 

' ' ?eG 
= {C,x){-C,u + y)h{u - X + y). 
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Then 

^li/2"ir^li/2 -x)iC + V, x) h{C -£,){^,u-x + y) 



|G|V2|G|i/2 4^ 



'^T^iTjP'Yl 9{y-x){v,x)h{u-x + y) 



iCu + y) 



= iCu) {v + C,y)yh9i-u,v)- 

It follows that 



= \N{r2 E (C, y + u) 



= iv, y) Vh9i-u, ■q)k{y + u). 
Finally, it remains to take the sum in the y- variable in 13.151 to obtain 



•^Gxg[V/^/P^](^'") = V^f{-u,r,)V^g{-u,r,). 
as announced. □ 



Remark : The short-time Fourier transform can be defined on any locally Abelian group G 
and its dual G as 

Vgfix, = / f{t)9{t-x){^, t) du{t), (x, G G X G 
Jg 

where dvc is the Haar measure on G. All results in this section go through to this more 
general context, the inversions of order of integrations being easily justified. In the case 
G = W^, this lemma was given independently in [19t I20j. 

3.3. The Uncertainty Principle for the short-time Fourier transform. 

We will conclude this section with the following theorem that allows to transfer results about 
strong annihilating pairs in G x G to Uncertainty Principles for the short-time Fourier trus- 
tor m. 

Theorem 3.2. Let C G x G and t = {{^, -x) : {x,^ e T.} C G x G = G x G. Assume 
that is strong annihilating pair inG xG, i.e. that there is a constant G(I1) such that, 
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for every F G CP^'^ , 

then, for every f,g^ C*^, 

Proof. We will adapt the proof in the case G = M'^ given in [8j to our situation. Let us fix 

We will only use Lemma [3. II in a simple form: for a £ G,r] £ G define the function Fa^n on 
G X G by 



Note that Fa^^ix,^,) = V^Tr{a,r])fV^^^^^^j,g so that then J^^^^Fa,^iS,,x) = Fa,r?(-a;,0- 
It follows that 

= 2C(S) Y \V,''f{x-a,^-v)\'\V{'g{x,0\'. 

Finally, summing this inequality over {a,rj) £ G x G gives 

\\f\\l\\9\\l<2G{mf\\l\\9\\l E \^F9ix,0\' 

which completes the proof. □ 

Combining this result with (j3.12p we immediately get the following: 
Corollary 3.3. Let T. C G x G with |S| < Then, for every f,g£ C^, 

\\f\\lMl< E lyfaix^Ol'- 

^ 11/11'' (a;,5)^E 

The corresponding weak annihilating property for S was obtained by F. Krahmer, G. E. 
Pfander and P. Rashkov [2T] . 

Finally, using the fact that two random events A and B that each occur with probability 
> 1 — Q, jointly occur with probability > 1 — 2a, we deduce the following from Theorem! 



Theorem 3.4. 

There exist two absolute constants G, c such that the following holds: Let 0<r]<l,t>l be 
real numbers and s < d be an integer. Let k be an integer such that 

k ~ {Cts log d) log{Gts log d) log^ s. 
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Then, with probability at least 1 — 14e '^^^ a random set of cardinality k satisfies 

k - Vtk <\n\ <k + Vtk 
and, for any S C {0, . . . ,d} with \S\ < s, for every f,gG i'^, 

(3.16) <^ ^ \Vfg{x,0\' 

It would therefore be nice to have a "quadratic" analogue of Candes's Theorem 1 1.1 1 in order 
to obtain reconstruction of / and g from lacunary data {yfg{x,£,), x G 5^^, ^ G il}. 

4. Conclusion 

In this paper, we have shown how to obtain quantitative uncertainty principles for the 
representation of a vector in two different bases. These estimates are stated in terms of 
annihilating pairs and both extend and simplify previously known qualitative results. We 
then apply our main theorem to the discrete short time Fourier transform, following the path 
of corresponding results in the continuous setting. 
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